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ABSTRACT: Finite-element methods are commonly used to evaluate the Mode | stress-
intensity factor for cracked solids. Some of the methods that are used to extract stress-
intensity factor values from finite-element analyses are the Crack-Opening-Displacement
(COD) method, the Force method, the Virtual Crack Closure Technique (VCCT) and the
Equivalent Domain Integra (EDI) method. The COD method, Force method and the
VCCT appear to require that the finite-element mesh intersect the crack front in an
orthogona manner in order to obtain accurate stress-intensity factor values. The EDI does
not appear to require this orthogonality with the crack front to obtain accurate stress-
intensity factor values. The objectives of this study are to determine if accurate stress-
intensity factor values can be obtained from finite-element models that lack orthogonality
with the crack front and, if accurate values cannot be obtained, to modify the extraction
methods so that accurate stress-intensity factor values can be obtained from models without
orthogonality at the crack front.

Models of athrough-the-thickness crack in plane strain, an embedded eliptic crack,
and a semi-€lliptic surface crack were created with and without orthogonality at the crack
front. The models with orthogonality at the crack front were termed orthogonal models
while the models without orthogonality the crack front were termed general models. Stress-
intensity factors were evaluated for both the orthogonal and general models using the COD
method, Force method, VCCT, and EDI method. The stress-intensity factor values obtained
from these models were compared to accepted reference solutions to determine their
accuracy. The COD method, Force method, and VCCT were not able to extract accurate
stress-intensity factor values from general models. The EDI method was not affected by the
lack of orthogonality at the crack front.

The COD method, Force method, and VCCT were modified for application to
general models. These new formulations do not require the finite-element mesh to be
orthogonal to the crack front. The values of the stress-intensity factors obtained from the
general models using the new formulations of the extraction methods are of the same
accuracy as those obtained from the models with orthogonality at the crack front.
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Stress-Intensity factors are important parameters in the prediction of fracture
strength, fatigue crack growth, and life for metallic components. Analytical solutionsfor the
stress-intensity factor are difficult to obtain for complex crack configurations. Hence
numerical methods are used to evaluate stress-intensity factors for three-dimensional crack
problems. The finite-element method (FEM) is commonly used to analyze three-
dimensiona (3D) crack configurations. Stress-intensity factor values can be obtained from
the results of finite-element analyses (FEA) using various post-processing methods such as
the Crack-Opening Displacement (COD) method [1], the Force method [2,3], the Virtual
Crack Closure technique (VCCT) [4,5], and the Equivalent Domain Integral (EDI) method
[6-9].

The COD method, Force method, and VCCT are direct methods; stress-intensity
factors are evauated directly from nodal forces and displacements. The EDI isan indirect
method; stress-intensity factors are evaluated using a numerical integration of stresses and
strains within elements of the model. The direct methods (COD, Force, VCCT) appear to
require that the finite-element mesh intersect the crack front in an orthogona manner which
will berigoroudy defined in the next section. The EDI does not appear to require any mesh
orthogonality with the crack front. Requiring the finite-element mesh to be orthogonal to
the crack front can greatly increase the difficulty of modeling three-dimensiona solids that
contain cracks. Thus, understanding why some methods may require mesh orthogonality at
the crack front and devel oping methods that do not require this condition isimportant.
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Figure 1. Crack configurations studied - a) Through-the-thickness crack,
b) Embedded elliptic crack, ¢) Semi-elliptic surface crack.

The objectives of this study are two-fold. Firgt, to evaluate the accuracy of the
stress-intensity factor values obtained from genera finite-element models (models that do
not maintain orthogonality between the finite-element mesh and the crack front) using
methods such as the COD method, Force method, VCCT and the EDI method. Second, to
develop new formulations of the extraction methods and to eval uate the accuracy of the
stress-intensity factor values obtained from general models using these new formulations.



Finite-element model's, with and without orthogonality at the crack front, were
created for solids with through-the-thickness cracks, embedded e liptic cracks, and semi-
elliptic surface cracks (see Fig. 1). Stress-intensity factors were calculated for both the
orthogonal and general models for each of these configurations using the COD method, the
Force method, the VCCT, and the EDI method. The stress-intensity factor values obtained
from the orthogonal and general models using these methods were compared to the
reference solutions for each crack configuration. Next, formulations of the direct methods
were developed specifically for application to general models. The stress-intensity factor
values obtained using the new formulations were compared to the reference values for each
configuration to establish their accuracy.

Three-Dimensional Stress-Intensity Factor Calculations

The numerical techniques commonly used to evauate the stress-intensity factor were
first developed to analyze two-dimensional idealizations of three-dimensional crack
configurations. Intwo-dimensional crack problems a singular point was defined as a crack
tip. A crack front was assumed to extend out-of-plane away from this point, but
assumptions were made so that the stresses along the crack front could be assumed to
remain constant. Thislimited the problems that could be studied to solids with cracks that
had straight or circular crack fronts. The nodes extending ahead of and behind the crack tip
were forced to lie in the plane that contained the crack tip and therefore were along the
normal to the assumed crack front. Hence, two-dimensional finite-element mesheswere
orthogonal to the crack front and the numerical methods devel oped to analyze the stress-
intensity factor were based on this condition [1,2,4].

As more powerful computers became available and better software was devel oped
for modeling solids, researchers began modeling three-dimensional solids with cracks. The
two-dimensional methods that had been used to analyze stress-intensity factor were
extended to three-dimensions. Theimplicit assumption that the finite-element mesh remain
orthogonal to the crack front was extended aswell [2,3,5-7]. It should be expected that the
COD method, Force method and VCCT would not yield accurate stress-intensity factor
valuesif used to analyze general finite-element models. The exception to thistrend in
formulation was the devel opment of the EDI method which was based on the Jintegral, a
lineintegral quantity. Intwo-dimensionsthe line integral was transformed into an
integration over an areg, in three-dimensions, an integration over avolume[6-9]. Thetwo-
and three-dimensional formulations of the EDI made no assumptions about the finite-
element mesh.

Two-dimensional crack problems are an idealization of three-dimensional problems.
Three-dimensional stress-intensity factor extraction methods should not be considered
extensions of two-dimensional analysis techniques. In order to obtain accurate stress-
intensity factor values using the direct methods, modificationsto the origina formulations
arerequired. The modifications that are necessary must take into account the lack of
orthogonality between the finite-element mesh and the crack front.

Orthogonality at the Crack Front

Consider ageneral curved crack front configuration in the crack plane as shown in

Fig. 2. Thisfigure shows finite-element modeling of a portion of the crack front region for
models with and without orthogonality at the crack front. An orthogonal meshis shownin
fig. 2(a). Inamesh with orthogonality at the crack front the nodes that are used to calculate
stress-intensity factor (the nodes on the crack front, ahead of the crack front, and behind the
crack front) are in the plane of the crack and lie on the normals to the crack front. Ina
general model, as shown in Fig. 2(b), the nodes p and p' are in the crack plane, but do not lie
along the normal to the crack front. In order to obtain accurate stress-intensity factor values



the direct methods seem to require the nodes ahead of the crack front (force nodes) and the
nodes behind the crack front (opening nodes) lie on the normalsto the crack front.

The direct methods use the force
and opening nodes to calculate aradial
distance from the crack front. Theradial
distanceisthen used in an anaysis with
the value of the force in the y-direction
and crack-opening-displacement (COD)
at the force and opening nodes to
determine the stress-intensity factor.
When the finite-element mesh is not
orthogonal with the crack front, the
distance between the crack front node |
and the nodes p or p' is not the value of
radial distance required by the COD
method, Force method, and VCCT.
Furthermore, if the stresses vary along
the crack front, the values of force and
COD at nodes p and p' differ from the
values that would be calculated at points
along the norma curve. Thus, in order to
obtain accurate stress-intensity factor
values from general models new
formulations are required.

The following methodology is
proposed for the evaluation of stress-
intensity factor when using general
models. First, the average normals of without orthodonalit
each node on the crack front must be (b) out orthogonality
determined aswill be described the next : - -
section. Then the locations of points on Figure2. gﬁﬁgk :;rn(;rﬁts with and without
the normal to the crack front ahead of and 9 Y-
behind the crack front can be obtained from the general model by projecting the nodes of
the finite-element mesh onto the average normals to the crack front. These projected points
are shown as points px and px’ in Fig. 2(b).

The values of force or COD at the points p+ and p+’ could be calculated by
interpolating the values from the nodes of the model. This interpolation could be
accomplished using the element shape functions. However, because the points px and px’
arelocated very near the crack front (aline singularity) the interpolated values of force and
displacement at these points are not expected to be accurate. Thus, the values of force or
displacement evaluated at the nodes p and p’ of the finite-element mesh are preferable.

Theradia distance and average element thickness or crack-extension area associated
with each crack front node are determined using the projected points px and p*’ and the
crack front nodesj-1, j, and j+1. Theforce at node p and the COD at node p’ along with
the modified values of radia distance and average element thickness or crack extension area
are used in the COD method, Force method, and VCCT. The details of the evaluation of the
specific quantities in this procedure are discussed below.

Average Normals

Figure 3 shows nodes and element boundaries on the crack plane and near the crack
front. The crack front isidealized by a piece-wise series of linear segments that are termed

layers. Two layers (theith and (i+1)th) are shown in thisfigure. The nodesj-1, j, and j+1



are crack front nodes and the stress-intensity factor will be evaluated at nodej. The nodesp
and p’ are the force and opening nodes, respectively, and lie on the crack plane ahead of and
behind the crack front. The unit normal to the line segment connecting node j and node j-1

is denoted by fi¢-1). The unit normal to the line segment connecting node j and node j+1 is
denoted by fi(+1). The unit normal to the crack front at node | is shown as ij, which isthe
average of the normals fi¢-1) and A¢+1).

Crack Front

z

Figure 3. Thecrack plane of a general model.

Normals to the line segments adjacent to node j, A(-1) and A(+1), can be constructed
from the slope of each line segment. The slope of the normal to aline segment is given by
the negative inverse of the dope of the line segment. Thisyields two expressions for unit
vectors that are normal to the line segments adjacent to the node . The expressions for
these vectorsin terms of the nodal coordinates are
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wherel andk are unit vectors aong the x- and z- directions, respectively, and x, and z, are

the coordinates of thenodesa (a =j-1, j, j+1) on the crack front. The average unit normal
to the crack front at node | is calculated by
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Radial Distance

A vector d can be constructed from node j to node p or from node p’ to j using

d= (X, -xj)/i\ + (2, - zj)ll\<
and smilarly ©)

— N N
d= (xj - xp,) i+ (zj - zp,) K.
This expression assumes that nodes p and p’ are located equal distances from the crack

front. A point on the normal to the crack front is found by projecting the vector d onto the

normal f i Thisis accomplished by taking the dot product of the two vectors. This dot
product is expressed in the form

r=n..d=|d|cosqg, (4)

where q is the angle between the vectors i j and d. Thedistance, r, and the normal vector, ﬁj

, define the location of the points px and p+’ in relation to the crack front nodej (see Fig.
3).

Average Element Thickness and Crack-Extension Area

Average element thickness and crack-extension area values are required for the
Force method and VCCT, respectively (Fig. 4). These values can be calculated for ageneral

mesh in the following manner. The average thickness for theith layer is given as

= (ta)i ; (tp); )



wheret, isthe distance between the projected points that bound the ith layer and t,, is the
distance between crack tip nodesin theith layer. The average thickness of the ith and
(i+1)th layer are used for determining the stress-intensity factor at the crack tip nodej.

ith layer

Crack Front

Figure 4. Nodes and element boundaries on the crack plane near
the crack front of a general finite-element model.

The crack-extension area of the ith layer is determined by multiplying the average
thickness of the layer by the “height “ of the layer. The “height “of the layer is calculated
by taking the dot product of the vector connecting the crack tip node j and the projected
point p* and the vector normal to ith segment of the crack front (see Figs. 3and 4). This
yields an expression for the areain the form

Ai=ht (6)
where h; is calculated by

The average of the crack-extension area of theith and (i+1)th layers (shown as the hatched
regionin Fig. 4) isused in calculating the stress-intensity factor at the crack front nodej.

Slight changes to the methods of calculating average element thickness and crack-
extension area are required for the first and last nodes of the crack front in models created
using symmetry boundary conditions or for models that have free surfaces. Average
normals are not available for these layers. Instead anormal vector is created parallel to the
edge of the model. The thickness and area calculations are calcul ated as described above
using only the quantities available from thefirst and last layers along the crack front.



General Models

Two types of general models, rotated and scaled, were devel oped to study the effect
of the lack of orthogonality at the crack front. To develop the rotated models a two-step
procedure isfollowed. Inthefirst step anorma model is created and a volume near and
around the crack front isidentified. In the second step, the nodes within the identified
volume are given arotation of g-degrees about the local axis normal to the crack front (see
Fig. 5(a)).

The scaled model was devel oped to create general models for embedded eliptic and
semi-€lliptic surface crack configurations. First amodel with acircular or part circular
crack configuration is developed. Then a constant scaling factor was applied to the x-
coordinates of the nodes in the model to create an elliptic model. This procedure produces a
general model with an élliptic crack front modeled by piece-wise linear segments (see Fig.

5(b)).
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Figure 5. The crack plane of two general models:
a) rotated model, b) scaled model.

Finite-Element Analysis

The crack configurations that were studied were presented in Fig. 1. These solids
are assumed to be of isotropic material with Poisson’sratio of 0.3. The solids are subjected
to remote tensile loading to create only Mode | deformations at the crack front. Utilizing
symmetry conditions one-eighth or one-quarter of each solid ismodeled. The solids are
modeled using eight-node hexahedra elements everywhere except at the crack tip where
collapsed hexahedra or singularity elements are used. The finite-element models are
developed using a modified version of the GENSURF program devel oped by Raju [10] and
are analyzed using amodified version of the SURF3D program developed by Raju and
Newman [11].

RESULTS AND DISCUSSION

The stress-intensity factor values obtained from the through-the-thickness crack, the
embedded dlliptic crack, and the semi-élliptic surface crack are presented in this section. In
each case the stress-intensity factor values obtained from the normal models are presented
first and compared to the reference values for that configuration. Then, the stress-intensity
factor values obtained from the general models using both the original formulations and the
new formulations of the extraction methods are presented and compared to the values
obtained from the orthogonal models.

Through-the-Thickness Crack



Thefirst crack configuration studied was a through-the-thickness crack in alarge
plate with (a/W) = 0.8 and (a/h) = 0.01 (See Fig. 1(a@)). One-eighth of the solid was
modeled using symmetric boundary conditions. The z-direction displacements of al of the
nodes on thez = 0 and z =t planes were prescribed zero to smulate the plane strain
condition.

A three-dimensiona
orthogona model was constructed _ ) _

W|th 10 equa' |y Spacw through_ Table 1. NormaJ |Zed _Stre$'| ntens ty faCtOI’S
thickness layers. The model had 4378 for the through-the-thickness crack.
nodes and 3580 elements. A typica

finite-element mesh around the crack Ki

front perpendicular to the crack plane sVpa Percent Error
isshowninFig. 6. Thisfinite- b

dement mesh was used for all of the ~ Force 1.816 0.9
modelsin this analysisand consisted ~ COD 1.802 0.2

of 10 rings and 8 radial wedges VCCT 1.816 0.9
around the crack front. A genera EDI 1.820 1.2
model was created by rotating the Ref. Val.[10] 1.799 -

mesh near the crack front through a
specified angle from the normal to the
crack front. A 30° angle was chosen
for the rotation at the nine interior stations on the crack front.

The stress-intensity factors were evaluated at the eleven nodes along the crack front.
As expected, the value remained constant through the thickness. The normalized stress-
intensity factor values obtained from the normal models using the standard formulations of
the extraction methods are presented in Table 1. These values are compared to the reference
value for this configuration given in Murakami et al. [10]. All of the stress-intensity factor
extraction methods yielded stress-intensity factor values within 2% of the reference value
for this configuration.

The stress-intensity factors for the general models were then evauated using the
COD, Force, VCCT, and EDI methods. In Figs. 7-10 the normalized stress-intensity factor
values are plotted against the ratio of position through-the-thickness to total thickness (z/t)
for the orthogonal and general models.

The values obtained from the general model L
using the COD method, Force method and VCCT

were 7% below the values extracted from the normal
models. The EDI method remained unaffected by
the lack of orthogonality at the crack front. The
stress-intensity factor values of the general models
were evaluated a second time using the new / \
formulations that were developed for genera

models. The values obtained using the new

formulations of the COD method, Force method \
and VCCT areplotted in Figs. 11-13. The stress-
intensity factor values obtained from the orthogonal \

models are also plotted for comparison.
Normalized stress-intensity factor values are plotted  gngularity or collapsed hexahedral elements
against the ratio of position through the thickness to

total thickness (z/t). The new formulations Figure6. Finite-element crack tip mesh.
recovered the values obtained from the orthogonal

models.
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Figure 7. Stress-intensity factors evaluated for a
through-the-thickness crack using the
COD method.
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Figure 8. Sress-intensity factors evaluated for a
through-the-thickness crack using the
Force method.
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Figure 9. Stress-intensity factors evaluated for a

through-the-thickness crack using the
VCCT.
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Figure 10. Stress-intensity factors evaluated for a
through-the-thickness crack using the
EDI method.
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Figure1l. Sress-intensity factors evaluated for a
through-the-thickness crack using the
COD method formulated for general
models.
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Figure 12. Sress-intensity factors evaluated for a
through-the-thickness crack using the
Force method formulated for general
models.
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Figure 13. Sress-intensity factors evaluated for a
through-the-thickness crack using the
VCCT formulated for general models.

Embedded Elliptic Crack

An embedded dliptic
crack inalarge solid, (alt) =
0.2, with (a/lh) = 0.01, (h/w) =
0.5, (alc) = 0.2 (see Fig. 1(b))
subjected to remote tensile
loading was analyzed next.
The crack front parameters a, c,
andf areshowninFig. 14.

One-eighth of the solid was -~

modeled using symmetry

boundary conditions. Two Figure 14. Crack front parameters for the elliptic crack
three-dimensional finite- configurations studied.

element modelswere

developed. Each model consisted of 4142 nodes and 3284 elements. The finite-element
mesh around the crack front and perpendicular to the plane of the crack was the same asthe
mesh used for the through-the-thickness crack (see Fig. 6). Both models had nine stations
on the crack front.

The orthogonal model was created using a conformal mapping to ensure
orthogonality of the mesh at the crack front as described in Ref. [11]. The general model
was created using a constant coordinate scaling which resulted in amodel of the type shown
in Fig 5(b). The mesh of the general model had varying degrees of rotation from the
orthogonal condition. The anglesthat the crack tip mesh made with the crack front normals
(average normals), presented in Table 2, demondtrate the severity of scaled mesh.



The stress-intensity factor values were evaluated at the nine nodes located on the
crack front. The normalized stress-intensity factors obtained from the orthogonal model are
shownin Table 3. These values are compared to the exact solution obtained by Green and
Sneddon for an embedded elliptic crack in an infinite solid [13]. All of stress-intensity
factor values except those at the first two stations on the crack front were within 2% of the
analytical solution. Because of the extreme aspect ratio of the éllipse, the slope of the crack
front is not accurately modeled at the first two stations on the crack front and the calculated
stress-intensity factor values are not accurate in thisregion. Further mesh refinement in the
region near f =0 is expected to increase the accuracy of the solution in this region.

The stress-intensity factors values of the
general models were evaluated using the direct Table 2 Rotation of the crack tip

methods. The stress-intensity factor values mesh from the normal condition.
obtained at each node on the crack front are

plotted in Figs. 16-19. In these figuresthe Rotation
normalized stress-intensity factor is plotted Angle
against the angular location along the crack Parametric

front. The values obtained from the orthogonal Angle alc=0.2
models are aso included in these figures for (2fIp)

comparison.

The values obtained using the standard 8832 4gg(7)
formulations of the extraction methods were up 0.250 59 49
to 40% lower than the values obtained from the 0.375 65.72
normal models. The EDI method remained 0.500 67.38
unaffected by the lack of orthogonaity at the 0.625 65.72
crack front and yielded accurate values from the 0.750 55.49
general meshes. 0.875 4257

The stress-intensity factor values of the 1.000 0.00

scaled model were re-evaluated using the
formulations of the extraction methods
developed for general models. These values are presented in Figs. 20-22. The new
formulations were able to recover stress-intensity factor values within 3% of values that
were obtained from the normal models. The COD method does not seem to recover as
accurate stress-intensity factor values as the Force method and VCCT.

Table 3. Normalized stress-intensity factor values (K, /S/pa/Q) for a shallow (a/t = 0.2)
embedded elliptic crack with (a/c) = 0.2

Parametric
Angle Green and COD Force VCCT EDI
(2f/p) Sneddon
[13]

0.000 0.44721 0.42214 0.53072 0.47186 0.48373
0.125 0.52598 0.52052 0.56002 0.55001 0.55334
0.250 0.65189 0.65124 0.65169 0.66242 0.65983
0.375 0.76153 0.76736 0.75944 0.77101 0.76774
0.500 0.84918 0.85771 0.85074 0.85974 0.85809
0.625 0.91589 0.92398 0.92003 0.92659 0.92655
0.750 0.96283 0.96946 0.96851 0.97320 0.97417
0.875 0.99074 0.99608 0.99727 1.00070 1.00230

1.000 1.00000 1.00480 1.00680 1.00990 1.01150




Figure 15. A typical finite-element model used to
evaluate the stress-intensity factors of an
elliptic crack .
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Figure 16. Stress-intensity factors evaluated for an
embedded elliptic crack using the
COD method.
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Figure 17. Sress-intensity factors evaluated for an
embedded elliptic crack using the
Force method.
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Figure 18. Sress-intensity factors evaluated for an
embedded €lliptic crack using the
VCCT .
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Figure 19. Sress-intensity factors evaluated for an
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EDI method.
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Figure20. Stress-intensity factors evaluated for an

embedded €lliptic crack using the COD
method formulated for general models.



1.250

1.000

0.750

0.500

0.250

0.000

—e— Orthogonal Model
—e— General Model

0.00

0.25 0.50 0.75 1.00
2f Ip

Figure 21. Sress-intensity factors evaluated for an
embedded elliptic crack using the Force
method formulated for general models.
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Figure22. Sress-intensity factors evaluated for an

embedded elliptic crack using the VCCT
formulated for general models.



Semi-Elliptic Surface Crack

The third configuration studied was a degp semi-€lliptic surface crack (a/lc = 0.2, alt
=0.8) inalarge plate (&/W = alh = 0.01) subjected to remote tensile loading. Using
symmetric boundary conditions, one-quarter of the solid was modeled. Two three-
dimensional models, orthogonal and general (scaled), were created in the same manner as
discussed for the embedded elliptic crack configuration. Each model consisted of 4142
nodes and 3284 elements.

The stress-intensity factors of the orthogonal models were evaluated using the
Force, COD, VCCT, and EDI methods. The stress-intensity factor was evauated at the nine
nodes located on the crack front. The normalized stress-intensity factors obtained from the
norma model are presented in Table 4. These values are compared to the numerical
solution obtained by Raju and Newman [12]. The stress-intensity factor extraction methods
obtained stress-intensity factor values within 5% of the reference valuesfor al but the first
two stations along the crack front. Because of the rapid transition from plane strain to plane
stress at the free surface (f = 0) and the difficulty associated with modeling the crack front,
accurate values could not be obtained at these two stations. Further mesh refinement in this
region would increase the accuracy of the solution.

The stress-intensity factors of general models were then evaluated using the stress-
intensity factor extraction methods. The stress-intensity factor values obtained at each node
on the crack front are presented in Figs. 23-26. In these figures the normalized stress-
intensity factors are plotted against the parametric angle (location on the crack front) for
both orthogonal and general models. The stress-intensity factor values obtained from the
general models were as much as 40% lower than the val ues obtained from the orthogonal
models. The EDI method remained unaffected by the lack of orthogonality at the crack
front and yielded accurate stress-intensity factors.

Table 4. Normalized stress-intensity factor values (K, /S,/pa/Q) for a deep (a/t = 0.8)
semi-dliptic surface crack with (a/c) = 0.2

Parametric

Angle Ref. val. COD Force VCCT EDI

(2f/p) [12]

0.000 1.1510 0.9531 1.1065 1.0264 1.0190
0.125 1.1526 0.9772 1.0674 1.0396 1.0568
0.250 1.2732 1.1815 1.1788 1.2000 1.1990
0.375 1.4208 1.3585 1.3421 1.3641 1.3620
0.500 1.5629 1.4946 1.4828 1.4988 1.5003
0.625 1.6680 1.6053 1.5934 1.6076 1.6082
0.750 1.7388 1.6610 1.6576 1.6666 1.6699
0.875 1.7657 1.6832 1.6864 1.6918 1.6970
1.000 1.7718 1.6885 1.6941 1.6982 1.7042

The stress-intensity factor values for the general model were re-evaluated using the
formulations of the extraction methods developed for general models. Thesevalues are
plotted in Figs. 27-29. The new formulations were able to recover stress-intensity factor
values within 3% of vaues that were obtained from the orthogonal models.
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Figure 23. Sress-intensity factors evaluated for a
semi-elliptic surface crack using the

COD method.
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Figure24. Sress-intensity factors evaluated for a
semi-elliptic surface crack using the
Force method.
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Figure 25. Sress-intensity factors evaluated for a
semi-€lliptic surface crack using the

VCCT.

2.000

1.500 t

1.000 £

0.500 |
—e— Orthogonal Model

- —e— Genera Model
0.000 1 1 1 1 1 1 1 J
0.00 0.25 0.50 0.75 1.00

2fIp

Figure 26. Sress-intensity factors evaluated for a
semi-€lliptic surface crack using the
EDI method.
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Figure 27. Sress-intensity factors evaluated for a
semi-elliptic surface crack using the
COD method formulated for general

models.
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Figure 28. Sress-intensity factors evaluated for a
semi-élliptic surface crack using the
Force method formulated for general
models.
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Figure29. Sress-intensity factors evaluated for a
semi-elliptic surface crack using the
VCCT formulated for general models.

Concluding Remarks

Finite-element models with and without mesh orthogonality at the crack front were
developed for a through-the-thickness crack, an embedded elliptic crack, and a semi-dlliptic
surface crack. These models were subjected to remote tensile loads to generate Mode |
displacements at the crack front. Stress-intensity factors were calculated for these models
using the Crack-Opening-Displacement (COD) method, Force method, Virtual-Crack-
Closure technique (VCCT), and the Equivalent Domain Integral (EDI) method. The direct
methods (COD method, Force method and VCCT) were unable to obtain accurate stress-
intensity factors from the models without orthogonality at the crack front. The EDI
obtained accurate stress-intensity factors from models with and without orthogonality at the
crack front.

Careful consideration of the formulations of the direct methods and the definitions
of stress-intensity factor and strain-energy release rate reveal an implicit assumption that an
orthogona mesh is present at the crack front. Due to this assumption these methods cannot
obtain accurate stress-intensity factor values unless re-formulated for genera finite-element
modeling. The development of the EDI method was based on an integral quantity that has
no dependence on the form of the finite-element modeling near the crack tip. Hence, the
EDI method remained unaffected by any lack of orthogonality near the crack front.

New formulations of the COD method, Force method, and VCCT, were devel oped
to evaluate stress-intengity factors for general models that lack orthogonality at the crack
front. These new formulations use the values of force and displacement at the nodesin
front of and behind the crack tip which do not lie on the normal to the crack front. The
force and opening nodes (the nodes in front of and behind the crack front, respectively) are
used to project points onto the normals to the crack front. Theradia distance, average
element thickness, and crack-front extension area are calculated using the points projected



onto the normalsto the crack front. Accurate stress-intensity factor values were obtained
from general models using the new formulations of the extraction methods.

The new formulations devel oped in this paper were unable to extract accurate stress-

intensity factor values in regions where the stresses changed rapidly along the crack front.
This generally occurred in regions where the crack front met free surfaces or the shape of
the crack front changed rapidly. The accuracy of the solutions obtained in these regions
might be improved by local mesh refinement.
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