COMP 681 Formal Methods Spring 2008 Assignment 3—Solutions
1. Consider the following conditional.
if P then {

if Q or R then S;
else S,

else iT R and T then {
if Q then S;
else S,

}
else S;
a. In the language of propositional logic, write the conditions under which each of the
statements S; and Ss is executed. Simplify, at least move all —’s inward so they apply only
to primes and factor out common terms.

b. Rewrite the conditional by filling in the following blanks.

if P then {
if then S,
else S;
3
else if then S;
else if then S,
else S;

Answer
if P then {
if not Q and not R then S,
else S;

}

else if not R or not T then S$;
else if not Q then S,
else S;

2. A group of experts from different departments decides that procedure S; is done when P is
false, that S, is done if R holds, and that Sz is done Q is false but R is true.

a. Write a GCL alternation statement that captures these requirements. (The conditions won’t
be mutually exclusive at this point.)

Answer
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b. You point out to the experts that their conditions are not mutually exclusive. They decide
among themselves that Sz should take priority over the other two statements and that S,
should take priority over S;. Rewrite the conditions so that they are mutually exclusive and
respect these priorities.

Answer

The guard for S is unchanged: — Q AR

The guard for S, becomes

—(=QAR)AR

=) (-=Qv—-=R)AR DeMorgan’s 1st Law

= (Qv—-R)AR Law of Negation

(= QAR v=RAR Distributive Law (A over v)
=) QAR vfalse Law of Contradiction

= QAR Simplification (3.21)

The guard for S; becomes
—|R/\—|(—|Q/\R)/\—|P
= = RA(==QA=R)A—=P DeMorgan’s 1st Law

= = RA(QVv=R)A=P Law of Negation
= - RA(=RVQ)A=P Commutativity of v
(=) “RA-P Absorption (3.23)
(=) =PA=R Commutativity of A

So the new statement is
if ~-PA-R - Sl

DQ/\R —)SQ
7 - 0AR o S
i

c. For the cases not covered in b, add another alternative whose guard covers the remaining
cases yet is disjoint from each of the other three guards. The command associated with this
guard should be skip.

Answer

Form the conjunction of the negation of the guards and simplify.

—“(=PA=R)A=(QAR)A=(—=QAR)
(= («==Pv=a=R)A(=QA-R)A(=—=QA—=R) DeMorgan’s1* Law (3x)

= (PYR)A(=QA=R)A(QA=R) Law of Negation (3x)
= (PVR)A(=QAQV—=R) Distributive Law (v over A)
(=) (PVR)A(falsev—R) Law of Contradiction
= (PVR)A=R Simplification (3.21)
(= PA=R v RA=R Distributive Law (A over v)
(=) PA=R v false Law of Contradiction
(=) PA=R Simplification (3.21)

So the final statement is
if - PA-R —> S
g Q AR v d 82
- QAR - S
0 PA-=R — skip
i

O]

-—h
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d. Translate the alternative statement in c into the language used in section 3.3 Minimize the
number of primes that must be evaluated.

Answer

if R then {
if Q then S,
else S;

}
else if not P then S;

3. Convert the following into CNF.
a pA—-QqQ < q=>p

Answer

PA=Q < Q=D

Step 1:

& (pr—=0=(g=p)) A ((g=p)=>pAr—Q) Law of Equivalence
Step 2:

= (pPA-=g==qvp) A (=qvp=pAr—q) Law of Implication (2x)
& (=(par=g)v=qvp) A(=(=gvp)vpAar—Qq) LawofImplication (2x)
Step 3:

= (mpva=qv—aqvp) A (=(=qvp)vpa—q) DeMorgan’s1® Law

&= (mpvtruevp) A (=(=qvp)vpa—-q) Law of Excluded Middle
=) (truevp) A (=(=gvp)vpa—=qQq) Simplification (3.19)

(=) true A (=(=gqvp)vpa—q) Simplification (3.19)

= = (=qvp)vpar-q Simplification (3.18)

(=) =—=gqA=p VvV pPA—=( De Morgan’s 2™ Law

= qar=p Vv pr-q Law of Negation

Step 4:

= (qA=p v p) A (ga=p Vv —=q) Distributive Law (v over A)
= (qvp)A(=pvp) A (qAa—=p Vv —q) Distributive Law (v over A)
=) (gvp)atrue A (QA=p v =Q) Law of Excluded Middle
=) (qvp) A (gAa=p v =Q) Simplification (3.18)

= (qvp) A(gqv=q) A (-pv—Q) Distributive Law (v over A)
(=) (qvp) Atrue A (=pv—q) Law of Excluded Middle
= (qvp) A (=pv—qQ) Simplification (3.18)
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b. (=p=>qvs)=r)v(ga—=s=-=p)

Answer

(=p=qvs)=r)v(ga—=s=-p)

Step 1: Nothing to do.

Step 2:

& (m=pvaqvs=r)v(ga=s=-p) Law of Implication
= (pvqvs=r)v(ga—=s=-p) Law of Negation
= —(pvgvs) vrv =a(qa—=s) v —p Law of Implication (2x)
Step 3:

= = pAr=qA=aS vIV a(gA=S) Vv —ap DeMorgan’sZ"dLaw
(=) “pA=QgA=S VIV =gV =SV =p DeMorgan’s 1™ Law

(=) = pA=QqAaSV IV aQV SV ap Law of Negation
(= —pV apA=QgASaS VIV aQVS Commutativity of v
(=) =pvrv-qvs Absorption (3.22)

This is now in CNF—there’s only one conjunct. There is nothing to do for Step 4.

4. Convert the CNF wffs you get in problem 3 into the normal form with implications
but no negations.

a.

Answer

For the first conjunct:

qvp

(=) falsevqvp Simplification (3.21)
(=) =truevgvp Since true (=) — false
(=) true=>qvp Law of Implication
For the second conjunct:

- p V = q

(=) =pv—qvfalse Simplification (3.21)
(= —(paq)vfalse De Morgan’s 1* Law
(=) pAg=false Law of Implication

Substituting these two results into the wff in CNF:
(true=>qgvp)a(parq=false)

b.

Answer

There is only one conjunct:
- p VvIv-— q VS

(= —pv-agvrvs Commutativity of v
(=) = (pArg)vrvs De Morgan’s 2" Law
(=) pAg = rvs Law of Implication

This is the final answer.
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5. Convert the following into DNF.
(pvag=r)a(rvs=p)
Answer
(pvg=r)a(rvs=p)
Step 1: Nothing to do.

Step 2:

= (=(pvg)vr)a(=(rvs)vp) Law of Implication (2x)
Step 3:

& (=pA=qVI)A(—~TrA=sSvD) De Morgan’s 2™ Law (2x)
Step 4:

(=) (=PA=QVI)A=TA=S YV (mPA=QVI)AP Distrib. Law (» over v)
=) apA-gASTASS VYV IA=STASS Y (mpA=qvr)ap Distrib. Law (A over v)

= = pAr=gqAaraA=as v falsea—=s v (mpA=gVvIr)Ap Law of Contradiction
= apAr=ga-ra=s v false v (mpAa=qvr)ap Simplification (3.20)
(= 2 pA-QgA=TA=S V (2PpA=QVI)AP Simplification (3.21)
E) = pPA=QA=TA=S Y ZPA=QAP VIAP Distrib. Law (A over v)
=) A pPA=QASTrASS Y PASPAS] V EAD Commutativity of A
=) apAr=gAa-ra—=s v falsea—=q v rap Law of Contradiction
=) apA—=gA-TrA—=S v false vrap Simplification (3.20)
() “PA=gA-TA=S V IAD Simplification (3.20)

6. Use the technique in the Addendum to Part 3 to convert the following in DNF to CNF.
Simplify where possible.

(PA=g)vrv(raq)
Answer
There are three disjuncts. So, in the resulting CNF wff, each conjunct will be a disjunction of
three literals.
The first disjunct has two literals to choose from, the second has one, and the third has two. So
the number of conjuncts in the resulting CNF formula will be 2x1x2 = 4.

In constructing the CNF wff, we choose a literal from the first disjunct, then one from the
second (there is only one here), and, finally, one from the third. We go through all the choices
in the third disjunct before choosing a new literal in the second (again, there is only one), and
we go through all the literals in the second disjunct before going through the literals in the first.

The answer is

(pvrvr) A(pvrvg) A (=gvrvr) A (=qvrvq)

= (pvr) A(pvrvg) A (=qvr) A (=qvrvqg) Ildempotence of v (2x)
& (pvr) A(pvrvg) A (=gqvr) A (gv=qvr) Commutativity of v

& (pvr) A(pvrvg) A(=gqvr) A (truevr) Law of Excluded Middle
= (pvr) A(pvrvg) A (=qvr) A true Simplification (3.19)
& (pvr) A(pvrvg) A (=qvr) Simplification (3.18)
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