Analysis of Simply-Supported Symmetric Angle-Ply Laminate
under UDL Using:
a) Raleigh Ritz Total Potential Energy (TPE) Method.
b) Analogy with Skewed Isotropic Plate.

a) Raleigh Ritz Total Potential Energy (TPE) Method:

Deflection of S-S plate can be expressed as in the following series summation:

S~ . mMax . N

w=3Ya, sn Zgn vl
m=1n=1 a b

The Governing Differential Equation of Equilibrium is, b

The simply supported edge boundary conditions are given as,
X=0,a: w=0,My =-D;W,,—D;,W,, —2D;sW,, =0

X=0,0: w=0,My =—Dp W, —D,W,, —2DpsW,,, =0

Solution form for Raleigh-Ritz Total Potential Energy (TPE) equation is,
[T= ;I I [ Dyy( Wi )* + 4D1gWio Wi +2D3, W, W, +4Dgg (Wi, ) + 4DggW,yy, W,y + Dy (W, ) — 2 pw] dixdy
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Differentiating w with respect to xx, xy and yy the following expressions
were obtained,
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Substituting w,xx, w,yy and w,xy in TPE and performing integration will give
the following:

m4b
Dyy = [[(W,, 2 dxdy = ZZ” a2,
m=1n= 1
© & , mn , a b
Dyg = [[Way W Oxdy = > >, ——7 (1-cos2mz)——(1—cos2nz)=0
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Dys = [[ (Wi, )?dxdly = ZZ” m’n’ a2
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By substituting all integration results in TPE and minimizing I'T with respect to amn,

aa*PlL— (-1)"h— (1)
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e form=n=1 W, =0003329P%  form=n=3 W, = o.ooszslgi
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pa’ pa*
e form=n=5 W =0.003239"—  form=n=7 W, =0.0032378——

11 Dll

pa’ pa”
. form=n=9 W, =0.0032382"P%  form=n=11 W, =0.0032381 "
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b) Analogy with Skewed Isotropic Plate:

For skewed isotropic plate, the governing differential equation according to Ashton* is

D|W,p ez COS(0 )W,y +201° (1 +2c0s’ (49))\NXXW ~4a’ cos(&’)w,xyyy+a4w,yyyy] =a*sn*(9)P
@ : Skew angle. y 4

. a
« . aspect ratlo =

b

—>
a X

For symmetric angle-ply square laminate, the governing differential equation is:

yA
| D (D,, + 2Dy ) D ,
Dy Wy +4—22 W, 2212 66 Z W, 4 —2 W, o+ —22 W, } — P b
L o D11 o D11 > D11 Y D11 Y .
a ;(
B 4 4 4 4 4
a’| ox D, ox’oy D, OX“oy D, oxoy° Dy oy

* J. E. Ashton, “An Analogy for Certain anisotropic Plates.”, J. Composite Materials, Vol. 3, 1969, pp. 355-358.
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Dll{ +4D—aw +2( P12 2Dk ) +4D—0! W, +%a’4W,WW} —a*pP
Dy Dy, D, D,

For this specific problem it is assumed that o and « are both equal to 1.

Comparing the two equations:

D|W,pe—4 COS(0 Wiy +2(1+ 2o’ (9))\N)O<yy —4 cos(@)w,xynyrw,Wny —a'sin*(9)P

Dll{w,xxxx+ 4%W,xxxy+ 2{Pr2 + 2Dg )W,xxyy+ 4%W,xyyy+ %Wyyyy} =a*P'
11 11 Dy, D)y
Dis _ Dy — _cos(6) Dy, + 2D =1+ 2cos*(8)
D Dy,
11 11
Dy _, a‘P'=a*sin‘(9)P
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To satisfy the same values of the flexural stiffness ratios used in the
direct TPE approach (part a), the skew angle has to be 60o0.

Do _ Dos _ _cog(60)= 0.5 2121206 14 2c05%(60) =15
D, Dy 12 \

Do _4 P=2 sn'(60)P=-2 p
D,; a 16 a

The following sketch and analysis are valid for the special case when the aspect
ratio for both geometries equalsto 1. (o = o’ = 1)

a' = acos(15)+asin(15)

15

a’ = a(cos(15) + sin(15))

il (ST } [cos(15)+1 sn(s) 044444
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Boundary Conditions:

Simply-supported antisymmetric angle-ply:

@x=0&a:w=0& M, =-D;w,,—D;,w,,—2D;sw,, =0
@y=0&Db":Ww=0& M, =—D;,W,,—DpW,, —2D,sW,,, =0
But,

@x=0&a":w,,=0

@Qy=0&Db":w,,=0

Therefore,

— Dy W, —2 DlGW,Xy: 0

But
W, = —2 Dy W
= e W D16_D26__O5
" D, D,
— DyW,yy —2DpsW,, = 0 ::> Wll B sz @x=0a
D XX Xy — ¥
= W,y = —Zﬁw,xy Wiy = Wy, @y=0,b
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Recall the governing equation of the square antisymmetric laminate.

Dyy| W, X000+ 4%W,xxxy+ 2 (P12 +2Dg )W,xxyy+ 4%W,xyyy+ %W,yyyy = a*P’
Dll Dll 11 Dll

As shown in boundary conditions, w,xy can be expressed in terms of w,xx and
w,yy in the above equation.

14
W,>ooo<+4%W,xxxx+2(D12+2D66)W,xxyy+4%W,yyyy+%W’yyyy:a P
11 Dll 11 Dll Dll
But
D6 _ D, —_05 izl
Dll Dll 22
(D12+2D66):1.5
Dll
ar4Pr
W, 00 — 2W, xoaxx + W, xxyy — 2W, yyyy + W, yyyy = 5
11

or
ar4 Pr
Dll

— W, xxxx + W, xxyy — W, yyyy =
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From skew plate analogy:

Pr="
4

— W, XXXX + 3W, XXYY — W, YYYY = a

By using the same technique as in the specially orthotropic case, an
exact solution can be found for the above equation. Where,
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Substituting all derivatives and Pmnin the above governing equation,
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4pPa’*
2°mnD;, (- m* + 3mPn? —n*)

22 4Pa’* (max) . nﬂyj
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o0 00 4Pa/4

Wik = D

Z 6 4 2.2 4 Sin(—ﬂjsm(n_ﬁ)
m=13,.n=13,.7T mnDll(—m +3m°'n“ —n ) 2 2

A =

a'P & 2 4 (mz) . (nx
Wi = > D nz_n4)sm(2jsm(7)

Dy, m=1,3,..n=1,3,..7f6mn(— m* + 3m?

a’‘p
Dll

Wmax:ﬂ

Fortran program was written to perform the double summation series
to obtain the value of p.
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FORTRAN PROGRAM

sum=0.0
k=11
pi=4.*atan(1.)
do n=1,k,2
do m=1,k,2
Beta=((4./(m*n*pi**6))*sin(m*pi/2.)*sin(n*pi/2.))/(-m**4+3*m**2*n**2-n**4)
sum=sum-+Beta
enddo
enddo
print*, ' Beta=',sum
end

By running the FORTRAN program, g converges to 0.004231.
a*P
Dll
The same method solution was presented by J. E. Ashton in 1969 as:
a*P

Dll

w,, =0.004232

W, =0.00425
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Table of Summary

Analogy with skewed
Isotropic plate
(by: Ashton)

pa* a’'P a'P
W, = 0.0032381— W, =0.004232 — W, = 0.00425——
D D D
11 11 11
m=n=11

TPE method
(Orthotropic solution)

Analogy with skewed
isotropic plate

m=n=11

Comparison between results presented by Ashton and current
analysis results at different skew angles.

Skew Angle Orthotropic solution* Ashton solution* Current study
4 B B B

90 0.00406 0.00406 0.004062

80 0.00394 0.00408 0.004008

63 0.00336 0.00422 0.004229

60 0.00324 0.00425 0.004232

54 0.00301 0.00430 0.004188

* J. E. Ashton, “An Analogy for Certain anisotropic Plates.”, J. Composite Materials, Vol. 3, 1969, pp. 355-358.
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