4 ANALYSIS OF LAMINATES

4.1 STATIC ANALYSIS
4.1.1 Energy Method of Analysis of Structures

Principle of Total Potential Energy:
If the deformation of an elastic body can be expressed in terms of admissible functions that satisfy

the kinematic boundary conditions, then the total potential energy (TPE) of the body is stationary. In
other words, the first variation of the TPE with respect to coefficients of the admissible functions is zero.

&
Total potential energy, [1=U +V = [ [ cdady - | pdu

v 0
where U = Strain energy of the elastic body
V = Potential energy due to work done by the applied forces
o, €, U, and p are stress, strain, displacement, and the loading, respectively.

Principle: Z—H =0 ; C,represent the generalized coordinates .
i



Procedure:

Step 1:

Step 2:

Step 3:

Step 4:

Select admissible functions that satisfy the geometric boundary
conditions of the problem. Define the displacements as a function
of admissible functions and undetermined constants called
generalized displacements. u=co;.

Calculate the total potential energy (IT = U + V ) of the body using
the appropriate strain-displacement and constitutive equations.

Minimize the TPE (IT) with respect to the generalized

displacements. This results in a set of algebraic equations to be
solved for generalized constants.

Number of equations will be equal to number of constants. Then
Substitute the constants in the displacement equation. This
completes the analysis.



Example: Clamped-clamped rectangular plate subjected to an uniformly
distributed load, -q. ¢ v

Material system
Boundary Conditions: y

. 2
W=O;andvﬂ=0@x=ﬂandx=a
& L>1

W=O;and%=0@y=0andy=b

Displacement approximation:

m n i
wixy) =[] [l Cij(‘l-cosz'aix) 1-cos

i=1 j=1

2jmy
b

One-term approximation: W(x,y) =C (1 -cos Zgi) ( 1-cos 2%\,




Total Potential Energy, I1: (Specially orthotropic symmetric laminate )

_ [1 22w \? 22w [ 2w 2w 2w V| \
0

Substituting for w in the above equation, and performing partial differentiation w.r.to c leads to

4abr* 3D1; +2D12 +3D22 +4D66] =qab
a4 a2b? b*  a2p?

Example:
For a square (a = b) and isotropic plate {D {; =D, =D, D, = vD, and D ¢¢ = (1-v)D/2}, the expression for c

simplifies to
qa‘
32n4D

therefore, the expression for w is

__qa* 271X ( 2ny
w(x,y) =—31——(1-cos €EX|{1-cos —L
() 32n4D( a ) b

. _ qa% _ qa“
Wmax 1S at the center of the plate, Wmax = =0.001281—
8n4D D
Series solution by Evans (1939):

4
Wmax =0.001 26%; The approximate solution is about 1% larger than the exact solution.



Section 4.2 CLASSICAL METHODS fy
Analysis of Simply-Supported Laminated Plate

SS

Subjected to an Uniform Load (p)

Material system

2

\\/«

SS

Case 1: Specially Orthotropic Laminate SS
NMaterial axes parallel to the Plate axesO - All coupling (Normal-Shear and
Bending-Stretching) terms are ZERO. - a

GDE: D]]W,xxxx + Z(DJZ + 2D66)Wpcxyy + DZZW,yyyy =p (1)

Boundary Conditions:
@x=0&a: w=0& Mx=-Di1 w,xx -D12 w,yy =0

@y=0&b:w=0&My=-D12w,xx -D22w,yy =0



Selection of Displacement Functions: Because the GDE & BCs are even
derivatives of x and y, we can select a solution in the form:

o0 o0
= ¥ >y, sinEsin > )
=In=1
Loading:
Different types of loading can be expressed using the Fourier series,
as
e 0] o0
. .. n
pP= 2, D Dunsin™E SIHTﬂy 3)
m=In=1

The Fourier coefficients are calculated for each type of loading as follows

ab o o

ij(x y)sin & II Z men si == sm—dxc

00 00m=1n=1

” p(x,y)sin 2 gin ﬂ dxdy 4)

For an uniform loading of qo,

ab
Pimn = ia%“ J.J- sin 4% smﬂ dxdy = —31‘7- For odd numbers of m & n.
00



Solution:

Subs tituting Eqs 2 & 3 in Eq 1 (GDE ), we get

_ pmn
z? %11 (%)4 +2(Djp + 2Dgg X%)z (%)2 + D2 (%)4 }

(5)

mmx 713’

16 g, sin sin

SoW =
m

(6)

1M

>
=1

,3n

3mnr {DH(—) +2(D12 + 2D66)(m) (b) DZZ(%Y}



Case 2: Symmetric Angle Ply Laminate
Because of symmetry inplane displacements decouple transverse displacement, however bending-twisting
coupling stiffness (D16 and D26) are non zero.

GDE: D]]W,xxxx + 4D16W,xxxy + Z(DIZ + 2D66 )W,xxyy + 4D26W,xyyy + DZZW,yyyy = p(X,y) (7

Boundary Conditions:
@x=0&a: w=0& Mx=-Di11 w,xx -D12w, yy -2D16 w, xy =0

@yzo&bIWZO&MyZ—DIZW,XX—D22W,yy—2D26W,xy=0

Solution:

Because of non-zero C, it 1s very difficult to select displacement functions that satisfies both GDE and BCS.
Therefore, total potential energy approach is used to solve such problems. In the TPE method, the displacements
must satisfy only the kinematic boundary conditions. Minimization of the TPE satisfies the GDE and the force
boundary condition integrated over the total boundary.

ab
2 2 2
1= 3] [[P110w 1) + 4D16w 1 sy + 2Dy .y, + 2D (0, 1)° + 4D . + Dyp(w, )% = 2 pw fixdy
00
Assume
e 0] [0.0]
— mMAX ;o MY
W=D Dy, sin®Hsin—
m=1n=1

Substituting w function and minimizing IT w.r.t amn leads to m*n set of equations. Solution of these equations
will give the coefficients amn.



For D22/ D11 =1, (D12 +2De66)/ D11 = 1.5 and
Die/ D11 =D26/ D11 =-0.5; m=n=7

_— 0.00425a"p
max Dll b

Equivalent Orthotropic sol. (D 16 and D26=0)
~0.00324a"p

(W max )EinrthO D 1

- 0.00452a*
Exact solution: (wmaX)Exact _ - a’p
11

* J. E. Ashton, “An Analogy for Certain anisotropic Plates.”, J. Composite Materials, Vol. 3, 1969, pp. 355-358.
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Case 3: Anti-Symmetric Cross- Ply Laminate

Properties:
A=Ay and Dy =Dy, and By, =-By;
Other non zero terms are: A 12, Ags, D12, and D

Normal-stretching and bending-twisting terms are zero.

GDE:
Allu,xx +A66u,yy + (AIZ + Ag6 )V,xy - Bllw,xxx =0

(A12 + Ago it xy + AgeVxx +A11V,yy + Biiw yyy =0

Dll(w,xxxx + W,yyyy) + 2(D12 +2D66 )W,xxyy - Bll(u,xxx - v,yyy) =P

Boundary Conditions:
@x=0&a: w=0& My=Bjjux-Di1 W, -Di2 w,yy =0

v=0& Nx = Allu7X + A12Vay -B11W7XX =0

@ yZO &b:w=0 &My :-BllV,y -D12 Woxx -D22 W,yy =0

u=0& NV = Alzu,x + AQQV,V +B11W,VV =0

(8)
)

(10)



Displacement Functions:

o0 oo
U=y, > A, costsin X
m=1 n=1
(o O o]
V=2 Y B, sin?Zcos 7>
m=1n=1
[00] [00]
w= > > Cpup sin £ sin%
m=1n=1

Loading: p=q,sin”: sin%y
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Case 4: Anti-Symmetric Angle-Ply L.aminate

Properties:

Non Zero Extensional Stiffness: A 11, A2, A and A
Non Zero Flexural Stiffness: Dy, Dy, Dy, and Dyg.
Bending-Extensional Coupling Stiffness:  Bjs and Byg

GDE:
Allu,xx +A66u,yy +(A12 + Ago )V,xy - 3Bl6W,xxy - B26W,yyy =0 (11)

(A12 + A66)u,xy + A66V,xx + A22V,yy - B16W,xxx - 3B26W,xyy =0 (12)

Diyw yxxx +2(D12 +2Dgg )’V,xxyy + DZZW,yyyy - Bl6(3u,xxy + V) — B (u,yyy + 3V,xyy) =P (13)

Boundary Conditions:
@x=0&a: w=0& My=Bs(u,y Tv,x) -D 11w, x -D12 W, , =0

u=0& ny = A66(uay TV,x) - B16W,xx - B26Wsyy =0

@y=0&b:w=0&My =B,y +v,x)-Dpw,«-D22w,,, =0

V=0& N, =Ag (U,y TV,y) - B16W,xx - BagW,yy =0



Displacement Function

o0 o0
u= 3 3 Ay, sin? cos" >

m=1 n=1

V= Z Zan cos""“”wgs1nlllzj;Z
m=1n=1

w= Z z Copn SINTH sinn“,fy

m=1 n=1

Loading:

p=p,Sin"=Sin™
a b

11 = Al ( ) + A\%(
Tio=(As+ A )(””)
Mz Ng2, Nz
Ta=B3Bi () 4By (P10
T22=A\56(%)2+A22(M)2

_ [B,("Z ) +3826<””> ](m”>

m m n n
Tu=Dyy (%) 42(Dy, 42D )(— ) (-5)? 4 Dy (- )"
33= 11(a)+(12+ 66)(a)(b)+ zz(b)

T, T,.-T,,T,
Ap=""2"—""2"p,

A
B TpTa—T T
m= 0
A
C _T] L I
A 0

where

—_—

l\)_| G_l

>
I
— = A

W

(O8]
.
(U]
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4.3 Buckling Analysis of Laminated Plates ,

N
y
4.3.1 Buckling Equations of Equilibrium. uu ~
A7
Ny N
ON, ONy, —> -
P & =0 — -
ON ON
24— -0 Y -~
x ¥ , N IYIT) X
oM oM, _ 7 — 5 2 Y N
ﬁzMx+2 4 y+Nxé7w+Né7w 2Nxﬂ=0(1) TR,
2 &@ @2 &2 Yy 2 y&@

Where N,, Ny, and N xy are the edge loads.

If the prebuckling state of the laminate is not flat we can re-write the above
equation in a variation of the prebuckled state.



4.3.2 Buckling of S-S laminated Plate Subjected to N, Loading.
by

SS

SS \

]_Vx Material system
— 2

> b >
— \/ A -

SS '

-« a ——p

Case (1): Symmetric Specially Orthotropic laminate

2)

GDE: Dy W sy +2(D12 +2Dg6 W xxyy + Do yypy + NyW e =0

Boundary Conditions:
@XZO&aI w=0& Mx=-D11 w,xx -D12w,yy =0

@y=0&b:w=O&My=—D12 w,xx -D22w,yy=0
Selection of Displacement Functions: Because the GDE & Bcs are even derivatives of x and y, we can select a

solution in the form:



o0 Q0
_ . mmax . niy
W=D D dyysin®Esin==

m=In=1

Where m and n are number of buckled half-waves in x- and y-directions respectively
GDE, we get for a non-trivial solution

T =5 PraeY 420005+ 2066 )5 + 6 (5

Buckling load is a function of (i)  Elastic properties of the material.
(1i1))  Geometry (b and aspect ratio, a/b)
(i111)) Number of half-waves in x- and y-directions.

Minimum buckling load occurs @ n = 1.

(Nx )m = Z—zz {)11(1’2’2)2 +2(D12 +2Dg6 )+ Doy (7,”,;)2 }

Minimization of the above Eq 5 w.r.to aspect ratio (a/b), we get

i) = 2,,_752 {VDnDzz +(Dy, + 2D66)}

for a/b=m4/D;,/ Dy, . Notice that Eq 6 is independent of length (a) and m.

3)

. Substituting for OwO in the

4

()

(6)



Examgle: For DII/DZZ =10 and (D12 + 2D66)/D22 =1

(Ve Jin = 257> 10 +1}

Isotropic Plate:

(No),, =5

fy <24 G2 )

20
15

< 12 10

Ny b

2

7 “Dyq
5
0

m=1 m=2 I'I'|=3
Dy Do2
Mm=NUMBER OF HALF-WAVES IN THE
X-DIRECTION

n =ONE HALF-WAVE IN THE Y-DIRECTION

| 1 1 1

1 2 3 4
PLATE ASPECT RATIO ¥b

5



60

Buckling of Simply Supported laminated plates

(n=m=1 for
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Buckling of Simply Supported laminated plates under in-plane loa
Carbon/Epoxy Laminate
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Case 2: Symmetric Angle Ply LLaminate
Because of symmetry inplane displacements decouple transverse displacement, however bending-twisting
coupling stiffness (D16 and D26) are non zero.

GDE: Dy W vy +4D16W xxxy +2(D12 + 2Dg6 W sxyy +4Do6W syyy + DoaW s + Ny 10 = 0 (7)

Boundary Conditions:
@x=0&a: w=0& Mx=-D11 w,xx -D12 w, yy -2D16 w, xy =0

@yZO&b:WZO&MyZ—DHW,XX—D22W,yy—2D26W,xy=O

Solution: Energy method is used to obtain the solution.

Assumed displacements:

o0 o0
. . n
W= 2 > ay,sinPsin
m=1I1n=1



Case 3: Anti-Symmetric Cross- Ply Laminate

Properties:
A=Ay and Dy =Dy, and By, =-By
Other non zero terms are: A 12, Ags, D12, and D

Normal-stretching and bending-twisting terms are zero.

GDE:
Allu,xx +A66u,yy + (AIZ + Age )V,xy - Bllw,xxx =0

(A12 + A66)“,xy + A66V,xx "'Allv,yy + Bllw,yyy =0

Dll(w,xxxx + W,yyyy) + 2(D12 + 2D66)W,xxyy - Bll(u,xxx - u,yyy) + wa,xx =0

Boundary Conditions:
@ x=0& a:w=0& MX = Bllu,x - D11W,XX - D12W,yy =0

v=0& Ny=Aju+Apv,y-Bw,=0

@y=0&b:w=0& My=-Bj;V,y -Dis Wyex - DpyW,yy =0

u=0& NV = Alzu,x + A22V,V + Bllwavv =0

(8)
)
(10)



Displacement Functions:

u =i cos & gin 22
a b
- . n
Yy =Vvsin —m;rx cosﬂb

—_ . .n
w =W sin mf‘ sm%

Buckling solution:

(V= G) oo +2EEEEAE
Where

Ty = Ay (=) + Ag(22)

Tio =(Anp + A66)(%[X%)

Tiy= B )

Bz:A“G%f+A%G%f

Ty; = Bn(%)3

(1)

(12)

(13)

Iy =Dy {%”)4 + (n_if)4 }2(D12 +2D66)(m7”)2 (%)2

Zl
I
=¥

7
‘o,
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Case 4: Anti-Symmetric Angle-Ply Laminate

Properties:
Non Zero Extensional Stiffness: A 11, A, A and Agg
Non Zero Flexural Stiffness: Dy, Dy, D2, and Dy

Bending-Extensional Coupling Stiffness:  Bjs and Byg

GDE:
Allu,xx +A66u’yy +(A12 +A66 )v,)cy - 3Bl6w,xxy — B26W,yyy =0 (14)
(A12 + A66)M,xy + A66V,xx + A22V,yy - B16W,xxx - 3BZ6W,xyy =0 (15)
Dllw,xxxx +2(D12 +2D66 )’V,xxyy + D22W,yyyy - Bl6(3u,xxy + V,xxx)_ BZ6 (u,yyy +3V,xyy) + wa,xx =0 (16)

Boundary Conditions:
@x=0&a: w=0& My=Bs(u,y Tv,x) -D 1w, x -D12 W, 4, =0

u= O & ny = A66(u5y +st) - B 16 Woxx = B26w9yy = O

@ y=0 & b: w=0 & My = Bags(U,y +V.x) - D oW, xx - D22 W, ,, = 0

v=0& Ny =Ag (U,y TV,x) - B1gWoxx - BogW,yy =0



80

ORTHOTROPIC SOLUTION Ny
(B,, = By, = 0

Displacement Functions:

O

DXXAXA
u =i sin 22 cos =2 o b 6 b ,:’:.:’:.:.:‘
v=\7c0sm—6’lzxsinM (17) 4

ﬁxbz a0k NUMBER
Buckling Solution: E,t OF
LAYERS
— 2 2T, T,.T~T,, T ~T, T2 |
— -a 12°-23-13 22713 11-23 18
(V) =Giz) {33 ey
2
20 |
Where
2 2 E G
Ty =A11(%) + Ags %) £740 TS V=2
_ ‘mzYnzx
TIZ - (AIZ + A66)( a b ) 0 L A A L L

Ti3=— %Bm(%)z + Byg %)2 E) LAMINATION ANGLE, &
2 2 (19)

Ty, = Azz(%) +A66(%[)

T3 = _%16 ('"7”)2 +3B26 %)2 %)

Ty = Dy (%)4 +2(Dy, + 2D66X%)2 (n_bﬁ)2 + Dy, %)4
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L OadS gc(l)uation Edge. ] Buckling LoadS Comments (Assumptions)
. Conditio
ns N
O = Z
Biaxial Compression | 2% | All L oo,
v sides . R
4 2 2.Equation to be minimized with
N, S-S D 4 2 + 2(D +2D )m2 2 2 +D 4 respect to
l 2 nm P 12 66 n P 0N 3.a/b finite
< NX er T 7 b 2 4. Reference 2.2-20
N, —p «— N, m* = | +®n?
< » a min
T
mon =12 0
Uniaxial C Ompression 2.2.2-15 All 1. Equation to be minimized with
sides s o[ b)) 2 nt(b)’ AP
s = 'z . inite
S-S Neer = b Dyym a + 2(D12 + 2D66)” + Dy, m*\g ‘ 3. Reference 2.2-20
,min
T Y
» < 2.2.2-16 All 1.a/b=infinite
N, —p — N, sides 72-2 2. Reference 2.2-21
> +“——> — —
X S-S Nx,cr - 2 b2 {v D11D22 + DIZ +2D66
2.2.2-17 All 7[2 b 2 1 2 1.a/b=finite
. _ 21 Z B 2.Minimized
sides MC’C’ > q i + 267Q2 +5.3 QQ 2 + D66 3. Reference 2.2-21
b m \b : :
fixed
2.2.2-18 All ) 1.a/b=infinite
. T 2. Reference 2.2-21
sides | N, =<5 {4.6JD, D,, +2.67D,, +5.33 D, }

fixed




Uniaxial
compression

» ce <
N b s.8. s.s.|—
—plss
» — <+——>
a X

2.2.2-19 Three 1.a/b=finite
sides S-S N _ K D 11 t2(;Minimize Ks with respect
X,Cr S 2
and one b Mo = 1,2, @
side free Where Ks is found from the solution of the transcendental equation 3. Reference 2.2-19
2 2
= = mh — mb —
ﬂtﬁ2+(—j yJ az—( j vn,Jtana:
a L a i
—| — mub |’ - mab )’ -
o{az—( ) 7/} ,82—( ) vxy}tanﬂ
a L a
With 1
[ 2 2 2 2
o2 (2 (2] (2 (e 2 g]] b))
a |[\Dy a D, a D, \D, D,)\ a
2 2 . _;
__ [m® HQJ (@j _(&] (@j [ &ﬁ |z (@j
a D, a D, a D, \D, D\ a
6,(-.)
Dy=D,+2Dsy =— —+V,
E
2.2.2-20 Three M=1 is minimum
sides S-S 3 ny m 272_ ZEx Reference 2.2-36
one side Nx,cr =h bz + 12 2 1 )
free a ( o ny Vyx
h°G.
N =— = o0




4.4 Free Vibration Analysis of Laminated
Plates

4.4.1 Equations of Equilibrium of a Transversely Vibrating Laminate

N, Nyx _
o
Ny Ny
ox oy

FM., M .
ﬁ;ﬂgx +2 @c@):y + @zy + phW=0 (1)

Where X = & %2 , acceleration



4.4.2 Vibrations of a S-S laminated Plate.

Case (1): Symmetric Specially Orthotropic laminate

GDE: Dy W yxxx +2(D12 + 2Dg6 W xxyy +DoaW yyyy + oW 4 =0 (2)

Boundary Conditions:
@x=0&a: w=0& Mx=-D11l wxx -D12 W, , =0

@y=0&b:w=0&My=-D12 w,x -D22 w,,, =0

Selection of Displacement Functions: Free vibrations of an elastic
continuum is harmonic, hence we can express the time variation of
displacement in terms of sin, cos or €' functions. Using the principle of
separation of variable, we can write the m & n ™ mode of vibration in the
form of

w=a,,e sin o sin% (3)
Where o is the natural frequency of vibration, expressed in terms of
radians/sec. Substituting for OwO in the GDE, for non-trivial solution, we
get

o’ =% {)11(?)4 +2Di +2De6 X&) () + Dol } “)

o is function of (i)  Elastic properties of the material.
(11)) Geometry (a and a/b)
(i11) Number of half-waves in x- and y-directions.

A

SS

SS A

Material system SS

E/’“ b

SS '




The fundamental or the lowest frequency is when m=n=1.

2 02 [[Dy a¥ - (Py+2Dy)
(a))Fundamental =7 V%J{ﬁg (g-) 2 12D22 “ ('2)2 + 1} ®)

Example:
and a/b=1 (Square Plate)

> [D
10 =%J—’§l\/10m4 + 2m2n2 +n

For isotropic material:

Specially orthotropic

4

B )

For Dll/D22 = 10, (D12 + 2D66)/D22 = 1,

Isotropic

e by, SRR
Ist 1 1 3.606 1 1 2.0
2nd 1 2 5.831 1 2 5.0
3rd 1 3 10.440 2 1 5.0
4th 2 1 13.000 2 2 8.0

Specially Orthotropic
| Mode
Nodal line Ist
I ond
””””””””” 3rd

4th

Isotropic




Case 2: Symmetric Angle Ply Laminate
Because of symmetry, the inplane and transverse displacements GDE will decouple into 3 independent
Equations. However bending-twisting coupling stiffness (D 16 and D26) are non zero.

GDE: l)llw,xxxx +4D16W,xxxy + 2(1)12 + 2D66 )’V,xxyy + 4D26W,xyyy + D22W,yyyy + oW = 0 (7)

Boundary Conditions:
@x=0&a: w=0& Mx=-Di1 w,xx -D12 w, yy -2D16 w, xy =0

@y=0&b:w=0&My=-D12 w, xx - D22 w, yy - 2D26 w, xy =0
Solution: Energy method is used to obtain the solution.

[MI=U+V~+T

Where T is the kinetic energy of the laminate, T = -2L Ipvbfg dv
1

Assumed displacements:

nry
W= Ay b




Case 3: Anti-Symmetric Cross- Ply Laminate

Properties:
Ay =Axpand Dy, =Dy, and By, =-By,
Other non zero terms are: A |5, Ags, D12, and Dg.

Normal-shear and bending-twisting terms are zero.

GDE:
At vy + Agett yy +(A12 + Age Vg — Biiw e = 0

(A12 + A66)u,xy + A66V,xx +A11V’yy + BMW 0

y =
Dll(W,xxxx + W,yyyy) + 2(D12 + 2D66)Wchyy - Bll(u,xxx - u,yyy) oWy = 0
Boundary Conditions:
@ x=0& a:w=0& Mx = Bllu,x - D11W, Xx = D12W,yy =0

v=0& Ny=Aju+Apv,y -Bijw,,=0

@ y:O & b: w=0&M y = -BHV,y -D12 Woxx = D22W,yy =0

u=0& NV = Alzu,x + A22V,V + B11W7VV =0

(8)
)
(10)



Displacement Functions:

u = ii cos & gin 2 1
a b
- . n 10}
v =vs1nmflac0s—gxel (11)
1&=W§n%§gn%?d”
Natural Frequency:
2 (z 2T, G =T, TA=T, T2 |
@ _(p 3 T, Ty—T (12)
1in= J

Where

Tir= A ) + Aoo3)
Tia = (A2 + Ass )2 )E)
Tis==By ()

Iy = All(lé)z +A66(’§)2

T; = 1311("2,)3

T3z = Dy {%)4 + (%)4 } 2(Dy; + 2D66)(%)2(%)2

(13)
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Case 4: Anti-Symmetric Angle-Ply Laminate

Properties:
Non Zero Extensional Stiffness: A 11, A, A and Agg
Non Zero Flexural Stiffness: Dy, Dy, Dy,, and Dyg.
Bending-Extensional Coupling Stiffness: B¢ and Byg

GDE:
Allu,xx +A66u,yy + (AIZ + Age )V,xy - 3B16W,xxy - B26W,yyy =0
(A12 + Ago . xy + AgsVxx +A22V 3y — BigW xox — 3BagW 1y =0
Dllw,xxxx + 2(1)12 + 2D66 )’V,xxyy + D22W,yyyy - Bl6(3u,xxy +V xxx )= By (u,yyy + 3V,xyy) + oW = 0

Boundary Conditions:
@ x=0&a:w=0& M, = B16(u9y +Vax) - D11W, - D12 W,y = 0
u-= 0 & ny = A66(usy +Vax) -B 16 Woxx = B26Wayy =0

@y=0&b: w=0&My=Bs(ty +V,x) - DnW,xx - D2 W,y =0
v=0& Ny =Ags (U,y TV,x) - BigW,xx - BogW,yy =0

Displacement Functions:
—_ n 103
=1 sin L& cos =2 ¢’

- ..n 104
V= vcos%smTﬂye’

w =W sin 22 s1n—b”y et

(14)
(15)
(16)

(17)



Natural Frequency:

2 (::4 2T, L. =T T2 =T, T2
o” =" + (18)
P){” T, Ty~ T, J
Where
2 2
Ty = A (2) +A466(3)

wt | B3
Ty = (A + A66)(%1X%) 2!
-~ Y 167 )
) , (19)
Ty, = Azz(ﬁ) + Agg (%)
T3 = _%16 (%)2 + 3By (ff)2 }f)
T33 = Dy (%)4 +2(Dy, + 2D66X%)2 (%)2 + Dy (%)4
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